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ABSTRACT Puffs and sparks are localized intracellular Ca21 elevations that arise from the cooperative activity of Ca21-
regulated inositol 1,4,5-trisphosphate receptors and ryanodine receptors clustered at Ca21 release sites on the surface of the
endoplasmic reticulum or the sarcoplasmic reticulum. While the synchronous gating of Ca21-regulated Ca21 channels can be
mediated entirely though the buffered diffusion of intracellular Ca21, interprotein allosteric interactions also contribute to the
dynamics of ryanodine receptor (RyR) gating and Ca21 sparks. In this article, Markov chainmodels of Ca21 release sites are used
to investigate how the statistics of Ca21 spark generation and termination are related to the coupling of RyRs via local [Ca21]
changes and allosteric interactions. Allosteric interactions are included in a manner that promotes the synchronous gating of
channels by stabilizing neighboring closed-closed and/or open-open channel pairs. When the strength of Ca21-mediated channel
coupling is systematically varied (e.g., by changing theCa21buffer concentration), simulations that include synchronizingallosteric
interactions often exhibit more robust Ca21 sparks; however, for someCa21 coupling strengths the sparks are less robust.We ﬁnd
no evidence that the distribution of spark durations can be used to distinguish between allosteric interactions that stabilize closed
channel pairs, open channel pairs, or both in a balanced fashion. On the other hand, the changes in spark duration, interspark
interval, and frequency observed when allosteric interactions that stabilize closed channel pairs are gradually removed from
simulations are qualitatively different than the changes observed when open or both closed and open channel pairs are stabilized.
Thus, our simulations clarify how changes in spark statistics due to pharmacological washout of the accessory proteins mediating
allosteric coupling may indicate the type of synchronizing allosteric interactions exhibited by physically coupled RyRs. We also
investigate the validity of amean-ﬁeld reduction applicable to the dynamics of a ryanodine receptor cluster coupled via local [Ca21]
and allosteric interactions. In addition to facilitating parameter studies of the effect of allosteric coupling on spark statistics, the
derivation of the mean-ﬁeld model establishes the correct functional form for cooperativity factors representing the coupled gating
of RyRs. This mean-ﬁeld formulation is well suited for use in computationally efﬁcient whole cell simulations of excitation-
contraction coupling.
INTRODUCTION
Localized intracellular Ca21 elevations, known as puffs and
sparks, are cellular signals of great interest that arise from the
cooperative activity of clusters of Ca21-regulated inositol
1,4,5-trisphosphate receptors and ryanodine receptors (RyRs).
Not only are puffs, sparks, and other localized Ca21 eleva-
tions highly specific regulators of cellular function, they also
contribute to global Ca21 release events in eukaryotic cells
(1–6). For example, the process of excitation-contraction (EC)
coupling in cardiac myocytes is initiated when electrical de-
polarization of the sarcolemma allows a small amount ofCa21
to enter the cell via voltage-gated L-type Ca21 channels
(dihydropyridine receptors). This trigger Ca21 activates a
much larger release of Ca21 from the sarcoplasmic reticulum
(SR) via Ca21-activated RyRs clustered at a Ca21 release site, a
process known as Ca21-induced Ca21-release, resulting in a
Ca21 spark. Although the increase in [Ca21] due to individual
sparks is localized to Ca21 release sites, the cell-wide sum-
mation of many sparks provides the increase in the cytosolic
[Ca21] that initiates themechanical contraction of themyocyte.
Experimental evidence suggests that the dynamics of RyR
gating, Ca21 sparks, and EC coupling are affected by inter-
protein allosteric interactions between neighboring RyRs at
Ca21 release sites. Each RyR channel is an oligomer com-
posed of four identical 565 kDa RyR proteins surrounding a
central pore, and groups of 10–100 RyR homotetramers form
regular two-dimensional checkerboard-like lattices on the
surface of the SR membrane (4,7–12) (see Fig. 1 A). When
channels are reconstituted to mimic this in situ crystalline
lattice, RyRs maintain physical contact with neighboring
channels (9). Moreover, Marx and co-workers observed that
physically coupled RyRs incorporated into planar lipid bi-
layers exhibit coupled gating even when Ca21 is not the
charge carrier (13,14). While such Ca21-independent cou-
pling has not been uniformly observed in other labs (15,16),
functional coupling may require the association of FK-
binding proteins (FKBPs) that conjugate with the RyR
homotetramer in approximately stoichiometric proportions
(16–18).
The biophysical theory connecting single-channel kinetics
of inositol 1,4,5-trisphosphate receptors and RyRs to the
collective phenomena of Ca21 puffs and sparks and global
phenomena such as EC coupling is not as well developed as
our understanding of the association of Ca21 with endo-
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genous and exogenous buffers (e.g., Ca21-binding proteins,
chelators, and indicators) (19–27). However, several theo-
retical studies have demonstrated that dynamics reminiscent
of Ca21 puffs and sparks may arise due to the cooperative
activity of a cluster of Ca21-regulated Ca21-release channels
modeled as a continuous-time discrete-state Markov chain
(28–38). In such simulations, individual Ca21-release channels
are coupled via a time-dependent or time-independent repre-
sentation of the local [Ca21], the so-called Ca21microdomain,
and exhibit stochastic Ca21 excitability where channels open
and close in a concerted fashion. The phenomena of Ca21
activation and inactivation, the dynamics of the buffered
diffusion of intracellular Ca21, and the release site density
and geometry, all significantly contribute to the statistics of
simulated puffs and sparks (31,38,39).
Several theoretical studies to date have investigated the
effects of interprotein allosteric coupling on the dynamics of
Ca21 sparks. Stern et al. demonstrated that models of single
channel gating derived from planar lipid bilayer experiments
fail to produce stable EC coupling in release site models (36).
However, when release site models include nearest-neighbor
allosteric interactions in addition to Ca21 coupling, Ca21
sparks can be recovered (36). Allosteric couplings in Stern
et al. (36) are defined as free energies of interactions between
neighboring channels and have the effect of modifying the
affinity of release site transitions.
Using a formulation for allosteric coupling that is minimal
compared to Stern’s, Sobie et al. (40) studied the effects of
allosteric interactions on spark statistics such as duration
and frequency. This sticky-cluster model of Ca21-induced
Ca21 release includes so-called coupling factors that scale the
transition rates of the single channel model allowing the
gating of each channel to be influenced by the number of
open and closed RyRs at the release site. Although these
coupling factors are post hoc additions to the single-channel
RyR model, and there is no account of release site geometry
or nearest-neighbor interactions, the sticky-cluster model
demonstrated that allosteric coupling may contribute to spark
termination.
To clarify how the microscopic parameters of allosteric
interactions and Ca21 coupling simultaneously contribute to
the generation and termination of spontaneous Ca21 sparks,
we construct and analyze release site models composed of
16–49 two-state Ca21-activated RyRs organized on a Car-
tesian lattice and instantaneously coupled using linearized
equations for the buffered diffusion of microdomain Ca21
(25). Using the methodology introduced by Stern et al. (36),
RyRs also experience nearest-neighbor allosteric interactions
that promote synchronous gating of channels (see Fig. 1 B).
Importantly, these synchronizing allosteric interactions may
be incorporated to stabilize closed channel pairs, open
channel pairs, or both in a balanced fashion. We probe how
these different types of synchronizing allosteric interactions
affect the presence or absence of Ca21 excitability and the
statistics of spontaneous Ca21 sparks. In addition, we derive
and validate a mean-field modeling approach that is appli-
cable to the dynamics of RyR clusters coupled via micro-
domain Ca21 and nearest-neighbor allosteric interactions.
Similar to the sticky-cluster model presented by Sobie et al.
(40), the mean-field approach aggregates states based on the
number of open RyRs at a Ca21 release site; however, the
coupling factors representing allosteric interactions are not
post hoc additions to the model, but rather derived from the
microscopic parameters of the Ca21 release site.
Some of these results have previously appeared in abstract
form (41).
MODEL FORMULATION
A two-state Ca21-activated RyR model
Stochastic models of single channel gating often take the
form of continuous-time discrete-state Markov chains (for
review, see (42,43)). For example, the state-transition dia-
gram for a two-state Ca21-activated RyR model is defined as
ðclosedÞ C
k
1
c
h

k

O ðopenÞ; (1)
where k1ch and k are transition rates with units of time1,
k1 is an association rate constant with units conch time1, h
is the cooperativity of Ca21 binding (usually chosen to be
h¼ 2), and c is the local [Ca21]. If c(t) is specified, then Eq. 1
defines a discrete-state continuous-time stochastic process,
S(t), with the state space S2 fC,Og. When the local [Ca21] is
not time-varying—for example, a fixed background [Ca21]
that we denote as cN—then Eq. 1 corresponds to the well-
known telegraph process with infinitesimal generator or
Q-matrix (42,44) given by
FIGURE 1 (A) Schematic representation of a Ca21 release site following
Yin et al. (9). Each ryanodine receptor Ca21 release channel (RyR) is
composed of four identical subunits (shaded squares) surrounding a central
pore (solid circle). Subunits physically contact neighboring subunits and
homotetrameric channels form a right-handed checkerboard-like lattice. (B)
In the Ca21 release site model, two-state Ca21-activated RyRs (solid circles)
are globally coupled via the buffered diffusion of intracellular Ca21 (not
shown) and locally coupled to 2–4 nearest neighbors via allosteric interac-
tions (dotted lines). Consistent with experimentally measured RyR lattice
dimensions, the pore-to-pore interchannel distance is 30 nm.
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Q ¼ qij ¼ k
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k
 k
 
: (2)
Each off-diagonal element of Eq. 2 is the probability per
unit time of a transition from state i to state j,
qij ¼ lim
Dt/0
PfSðt1DtÞ ¼ SjjSðtÞ ¼ Sig
Dt
ði 6¼ jÞ;
and the diagonal elements are selected to ensure that the row
sums of Q are zero ð+
j
qij ¼ 0Þ: This condition ensures con-
servation of probability ð+
j
pij ¼ 1Þ; where
pijðtÞ ¼ ½etQij ¼ PfSðtÞ ¼ SjjSð0Þ ¼ Sig ðt$ 0Þ
is the element in the ith row and jth column of the matrix
exponential. For example, during a small time step Dt, the
probability that a channel initially in state imakes a transition
into state j is approximated by pij  [I 1 QDt]ij, and in this
case it is clear that +
j
qij ¼ 0 is required for +jpij ¼ 1: Note
that all of the statistical properties of the two-state channel
model diagrammed in Eq. 1 can be calculated from the
Q-matrix (Eq. 2), and that this matrix can be decomposed as
Q ¼ K1 chNK1 ; (3)
where the matrices
K
 ¼ 0 0
k k
 
and K
1 ¼ k
1
k
1
0 0
 
collect the dissociation and association rate constants, re-
spectively.
Collective gating of RyR clusters
In a natural extension of the single channel modeling ap-
proach, a model Ca21 release site composed of N channels
is the vector-valued Markov chain, SðtÞ ¼ fS1ðtÞ; S2ðtÞ; . . . ;
SNðtÞg; where Sn(t) is the state of channel n at time t (45). We
will denote release site configurations as a vector i ¼
ði1; i2; . . . ; iNÞ; where in is the state of channel n. The tran-
sition rate from release site configuration i to j denoted by qij,
ði1; i2; . . . ; iNÞ/
qij ðj1; j2; . . . ; jNÞ; (4)
is nonzero if the origin (i) and destination (j) release site
configurations are identical with the exception of one
channel—that is, in ¼ jn for all n 6¼ n9 where 1 # n9(i, j) #
N is the index of the channel changing state—and the in9/
jn9 transition is included in the single-channel model.
More formally, the transition rates qij for a release site
composed of N identical Ca21-regulated channels (Eq. 2) are
given by
qij ¼
qij if i ¼ ði1; i2; . . . ; in91; in9; in91 1; . . . ; iNÞ and
j ¼ ði1; i2; . . . ; in91; jn9; in91 1; . . . ; iNÞ
0 otherwise
;
8<
:
(5a)
qij ¼ K½in9; jn91K1 ½in9; jn9cði; jÞh; (5b)
where either K [in9, jn9] or K
1[in9, jn9] is the rate constant for
the transition being made (only one of which is nonzero) and
c(i, j) is the relevant [Ca21], that is, the concentration
experienced by channel n9(i, j) in the origin configuration i.
In the following section, we show how c(i, j) depends on the
mathematical representation of the release site ultrastructure
and buffered Ca21 diffusion.
Although it may not be practical to do so for large release
sites, the infinitesimal generator matrix,Q¼ (qij), for a model
Ca21 release site can be constructed by enumerating transi-
tion rates according to Eq. 5 and selecting the diagonal ele-
ments qii to ensure the rows sum to zero.
Release site ultrastructure and the
Ca21 microdomain
Because Ca21-activated RyRs experience coupling mediated
by the buffered diffusion of intracellular Ca21, the model
includes a mathematical representation for the landscape of
local [Ca21] near the Ca21 release site (the so-called Ca21
microdomain) required to specify c(i, j) in Eq. 5b. For sim-
plicity, we assume channels are instantaneously coupled via
the Ca21 microdomain (30,31)—that is, the formation and
collapse of the local peaks in the Ca21 profile are fast com-
pared to the closed and open dwell times of the channels—
and we assume the validity of linearly superposing local
[Ca21] increases due to individual channels at the release site
(25,27). We also assume that all channels are localized on a
planar section of SR membrane (z¼ 0) so that the position of
the pore of channel n can be written as rn ¼ xnxˆ1 ynyˆ:
Assuming a single high concentration Ca21 buffer and
using the steady-state solution of the linearized equations for
the buffered diffusion of intracellular Ca21 (25,26), the in-
crease in [Ca21] above background at position r ¼
xxˆ1 yyˆ1 zzˆ is given by
cðrÞ ¼ +
N
n¼1
sn
2pjrn  rjðDc1 kNDbÞ 11
kNDb
Dc
exp
jrn  rj
l
 
;
(6a)
where
1
l
2 ¼
1
t
1
Db
1
kN
Dc
 
(6b)
1
t
¼ k1b cN1 kb (6c)
and
kN ¼ Kb½BTðKb1 cNÞ2
: (6d)
In these equations, the sum is over all channels at the release
site, sn is the source amplitude of channel n (number of Ca
21
ions per unit time); Dc and Db are the diffusion coefficients
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for free Ca21 and the Ca21 buffer, respectively; k1b is the
buffer association rate constant; kb is the buffer dissociation
rate constant,Kb ¼ kb =k1b ; and [B]T is the total concentration
of the Ca21 buffer. Assuming all RyRs have identical source
amplitudes,
snðtÞ ¼ 0 if channel n is closed;s if channel n is open;

(7a)
and
s ¼ iCa
2F
; (7b)
where iCa is the unitary current of each channel, 2 is the
valence of Ca21, and F is Faraday’s constant.
While Eqs. 6 and 7 define the [Ca21] at any position r for a
given release site ultrastructure, frng, it is helpful to sum-
marize channel-to-channel Ca21 interactions using an N3 N
coupling matrix C ¼ (cnm) that provides the increase in
[Ca21] over the background (cN) experienced by channel m
when channel n is open. If am ¼ xmxˆ1ymyˆ1rdzˆ specifies the
position of the Ca21 regulatory site for channel m located a
small distance rd above the channel pore, then
cnm ¼ sO
2pjrn  amjðDc1 kNDbÞ 11
kNDb
Dc
exp
jrn  amj
l
 
:
(8)
Using this expression we can determine the Ca21 concen-
trations needed to specify the rates of Ca21-mediated tran-
sitions in Eqs. 5a and 5b, that is,
cði; jÞ ¼ cN1 +
N
n¼1
cnn9; (9a)
where
cnn9 ¼ cnn9 if in is open;0 otherwise;

(9b)
n9(i, j) is the index of the channel changing state, and in is the
state of channel n.
Fig. 2 A uses Eqs. 6 and 7 and calmodulin-like buffer
parameters (see Table 1) to calculate the Ca21 microdomain
near a cluster of N¼ 25 open RyRs organized on a Cartesian
lattice (Fig. 1 B). The strength of Ca21 interactions at the
release site can be modified by changing any of the param-
eters in Eqs. 6 and 7, including the channel source amplitude,
buffer parameters, or the diffusion constant for free Ca21. For
example, Fig. 2 B shows that increasing the total buffer
concentration ([B]T) decreases the local [Ca
21] experienced
by the RyRs. Similarly, Fig. 2 C shows that the Ca21 cou-
pling strength defined as the average of the off-diagonal el-
ements of the coupling matrix,
c ¼ 1
NðN  1Þ +
N
n;m¼1
n 6¼m
cnm; (10)
is a decreasing function of the total buffer concentration [B]T
for any fixed unitary current iCa and an increasing function of
iCa for any fixed [B]T. Note that the unitary current of RyRs in
vivo has been estimated to be,0.6 pA and as low as 0.07 pA
in the presence of physiological concentrations of Mg21 (46–
48). Because the model does not explicitly include localized
depletion of luminal Ca21, a phenomenon that is expected to
reduce the effective unitary current of RyRs in vivo, our
standard parameter set includes a unitary current of 0.04 pA
(see Table 1).
Allosteric interactions between physically
coupled channels
Following the methodology presented in Stern et al. (36), the
RyR cluster model with Ca21-mediated coupling is extended
to include allosteric interactions between neighboring chan-
nels. We begin by defining dimensionless free energies of
interaction eij (units of kBT) that specify the change in free
energy experienced by a channel in state jwhen allosterically
coupled to a channel in state i. For convenience we collect
these interaction energies in an M 3 M matrix E where M is
the number of states in the single-channel model and eij ¼ eji
(i 6¼ j) to satisfy the requirement of thermodynamic revers-
ibility. For the two-state single-channel model considered in
this article,
FIGURE 2 (A and B) The linearized
equations for the buffered diffusion of
Ca21 (Eqs. 6a–7b) give the steady-state
[Ca21] near (z ¼ rd ¼ 30 nm) a 360 3
360 nm section of planar SR membrane
for a cluster of 25 open RyRs (solid
dots) organized on a Cartesian lattice
with interchannel spacing of 30 nm (see
Fig. 1 B). Individual channels have an
effective unitary current of iCa ¼ 0.04
pA and the background [Ca21] is cN ¼
0.1 mM, while the total Ca21 buffer
concentration is (A) [B]T ¼ 300 mM or
(B) [B]T ¼ 2000 mM and buffer param-
eters are as in Table 1. (C) Isoclines showing the average Ca21 coupling strength (c*) are plotted against [B]T and the effective unitary current of channels (iCa)
for the 25 channel Ca21 release site shown in A and B.
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E ¼ eCC eCO
eOC eOO
 
; (11)
where eCO ¼ eOC: Because allosteric interactions require
physical contact between neighboring RyRs, the model
formulation includes a symmetric N 3 N adjacency matrix
defined as
A ¼ ðanmÞ ¼ 1 if channel n andm are neighbors;0 otherwise;

(12)
where ann ¼ 0 because channels do not experience allosteric
interactions with themselves. The nonzero elements of A are
chosen consistent with release site ultrastructure (e.g., dotted
lines in Fig. 1 B).
To include the effect of allosteric coupling in the Ca21
release site model, the total allosteric energy experienced by
channel n9(i, j) in the origin and destination configurations of
an i/ j transition are calculated as
gi ¼ +
N
n¼1
ann9einin9 and gj ¼ +
N
n¼1
ann9ejnjn9 ; (13)
where the sum is over all N channels, ann9 are elements of A,
and einin9 and ejnjn9 are entries of E. The difference between
these total allosteric energies (gj  gi) is used to modify the
equilibrium constant of the i/ j transition, that is,
qij
qji
¼ q˜ij
q˜ji
exp ðgj  giÞ
 
; (14a)
qij ¼ q˜ijexp nijðgj  giÞ
 
; (14b)
and
qji ¼ q˜jiexp njiðgi  gjÞ
 
; (14c)
where q˜ij and q˜ji denote unmodified rates calculated using Eq.
5 and the parameters 0 # nij # 1 and nji ¼ 1 nij (36)
partition contributions due to allosteric coupling between the
forward (qij) and reverse (qji) rates. While nij and nji can
potentially have different values for every transition i/ j, we
assume transition rates involving the association of Ca21 are
diffusion-limited. Thus, transition rates for release site con-
figuration changes where channels make C/ O transitions
are assigned n ¼ 0. Conversely, n ¼ 1 for all other config-
uration changes where channels make O/ C transitions.
RESULTS
Ca21 and allosteric coupling at a three
RyR cluster
To clarify the model formulation, transition rate expressions
corresponding to the example configuration changes shown
in Fig. 3 A are written below. These configuration changes
involve a triangular cluster of three two-state RyRs experi-
encing Ca21 coupling and nearest-neighbor allosteric inter-
actions. The corresponding Ca21 coupling matrix and
allosteric adjacency matrix are
C ¼
c11 c12 c13
c21 c22 c23
c31 c32 c33
0
@
1
A and A ¼
0 1 1
1 0 1
1 1 0
0
@
1
A; (15)
respectively, where the cnm are determined using Eq. 8. In
each panel of Fig. 3 A, the total allosteric energy experienced
by the RyR changing state (labeled with asterisks) is calcu-
lated for both the origin (i) and destination (j) configurations
using Eq. 13.
The i/ j configuration changes shown in Fig. 3 A each
involve an RyR making a Ca21-mediated C/ O transition
(see Eq. 1) at rate qij that is a function of c(i,j), that is, the
[Ca21] experienced by the channels changing state (Eq. 9).
Let us number the RyRs in a counterclockwise fashion be-
ginning with the channel changing state. For the CCC/OCC
configuration change shown in Fig. 3 Aa, c(i, j)¼ cN because
all channels are closed in the origin configuration CCC. For
the CCO/ OCO configuration change, c(i, j) ¼ cN 1 c31
because channel 3 is open in configuration CCO (Fig. 3 Ab).
Similarly, for the COO / OOO configuration change,
cði; jÞ ¼ cN1c211c31 (Fig. 3 Ac). Having determined the
appropriate [Ca21] concentrations, Eq. 5b is needed to cal-
culate the transition rates:
qCCC;OCC ¼ k1 chN; (16a)
qCCO;OCO ¼ k1 ðcN1 c31Þh; (16b)
and
qCOO;OOO ¼ k1 ðcN1 c211 c31Þh: (16c)
Because it is assumed that configuration changes involving
the binding of Ca21 are diffusion limited, these rates are not
modified due to allosteric interactions (i.e., nij ¼ 0).
Conversely, j / i configuration changes shown in Fig.
3 A involve channels making unimolecularO/ C transitions
TABLE 1 Default parameters used in Ca21 release site
simulations for both the full model and the mean-ﬁeld reduction
(when applicable)
Parameter Value Unit Description
Single channel parameters
k1 0.04 mMhms1 Association rate constant
k 1 ms1 Dissociation rate constant
cN 0.1 mM Background [Ca
21]
h 2 Cooperativity of Ca21 binding
iCa 0.04 pA Effective unitary current
rd 30 nm Pore to regulatory site distance
Buffer parameters
k1b 100 mM
1 s1 Association rate constant
kb 38 s
1 Dissociation rate constant
Dc 250 mm
2 s1 Ca21 diffusion coefficient
Db 32 mm
2 s1 Buffer diffusion coefficient
Single-channel kinetic parameters are selected for a dissociation constant or
Kd ¼ 5 mM (70). Buffer parameters correspond to calmodulin (27,82).
Although the exact location of the Ca21-regulatory site is unknown, the
pore-to-regulatory site distance is consistent with cryo-electron microscopy
data that suggests the RyR oligomer has a large 29 3 29 3 12 nm
cytoplasmic assembly and a transmembrane assembly that protrudes 7 nm
from the center of the cytoplasmic assembly (16,83).
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at the base rate qji ¼ k that is modified by the change in
allosteric interaction energy experienced by the channel
changing state. Using nji¼ 1, the rates for j/ i configuration
changes are given by (Eq. 14c)
qOCC;CCC ¼ kexp½2ðeCC  eCOÞ; (17a)
qOCO;CCO ¼ kexp½ððeCC  eCOÞ1 ðeOC  eOOÞÞ; (17b)
and
qOOO;COO ¼ kexp½2ðeOC  eOOÞ: (17c)
Note that in these transition rate expressions, the elements of
the allosteric interaction energy matrix occur as the differ-
ences eCC  eCO and eOC  eOO. This is true regardless of the
number of channels, and we may without loss of generality
fix eCO ¼ eOC ¼ 0. That is, we will probe the effects of
allosteric interactions on Ca21 release site dynamics by
varying only the change in free energy due to allosterically
interacting closed-closed (eCC) and open-open (eOO) channel
pairs. Because we are primarily concerned with the effects of
allosteric interactions that promote synchronous gating, we
assume allosteric interactions stabilize closed-closed and/or
open-open channel pairs (i.e., eCC # 0 and eOO # 0). For
simplicity, we focus on three allosteric coupling paradigms in
which allosteric interactions stabilize
1. Closed-closed channel pairs (eCC ¼ , 0, eOO ¼ 0).
2. Open-open channel pairs (eOO ¼ 0, eOO , 0).
3. Both closed-closed and open-open channel pairs in a
balanced fashion (eOO ¼ eOO , 0).
The simulations shown in Fig. 3, B–E, demonstrate how
synchronizing allosteric interactions included in these three
ways affect the dynamics of the synchronous gating of the
three RyRs. Simulations are carried out using the exact nu-
merical method presented in Appendix A and, for simplicity,
the configuration of the RyRs is summarized by plotting only
the number of open channels (NO) as a function of time.
Interestingly, Fig. 3 B demonstrates that synchronizing al-
losteric interactions are not required (eCC ¼ eOO ¼ 0) for
channels to exhibit synchronous gating. Rather, channels
may exhibit coupled gating that is mediated entirely via the
buffered diffusion of local Ca21 as long as the average Ca21
coupling strength is sufficient (c* ¼ 0.75 mM) (31). Shaded
bars in the left panel of Fig. 3 B show the steady-state
probability distribution for the number of open RyRs (NO)
directly calculated from the relevantQ-matrix as described in
Appendix B. The disagreement between these results and the
open bars, showing a binomial distribution with the same
mean, is a signature of the cooperative gating of these RyRs.
While Fig. 3 B demonstrates that the synchronous gating of
channels can be mediated entirely via Ca21, Fig. 3, C–E,
show how synchronizing allosteric interactions affect the
dynamics of coupled gating. For example, Fig. 3 C demon-
strates that when closed channel pairs are stabilized (eCC ¼
FIGURE 3 (A) Example configuration changes involving three two-state RyRs with pore-to-pore interchannel spacing of 30 nm. Allosteric interactions are
indicated by solid and dashed lines. Transition rates depend on the allosteric interactions of the channel changing state (solid lines) shown above each
configuration. (B) RyR collective gating when channels experience coupling via the Ca21 microdomain ([B]T ¼ 3566 mM, c* ¼ 0.75 mM) but no allosteric
interactions eCC ¼ eOO¼ 0. Shaded bars show the steady-state probability distribution for the number of open channelsNO at the release site. Open bars give the
binomial distribution with the same mean as shaded bars; the difference shows that channels do not gate independently. (C–E) RyR collective gating. In
addition to Ca21 coupling (c*¼ 0.75mM), channels experience allosteric interactions that stabilize closed channel pairs (C, eCC ¼ 0.8, eOO¼ 0) open channel
pairs (D, eCC ¼ 0, eOO ¼ 0.8) or both in a balanced fashion (E, eCC ¼ eOO ¼ 0.8) Parameters: k1 ¼ 1.5 mMh ms1, k ¼ 0.5 ms1, and as in Table 1.
140 Groff and Smith
Biophysical Journal 95(1) 135–154
0.8, eOO ¼ 0), the steady-state probability of having zero
open channels (NO ¼ 0) increases while the probability of
NO ¼ 3 decreases relative to Fig. 3 B. Conversely, Fig. 3 D
illustrates that when allosteric interactions stabilize open
channel pairs (eCC ¼ 0, eOO ¼ 0.8), the probability of
having a maximally activated release site (NO ¼ 3) increases.
In Fig. 3 E allosteric interactions stabilize closed-closed and
open-open channel pairs in a balanced fashion (eCC ¼ eOO ¼
0.8) and the probability of both NO ¼ 0 and NO ¼ 3 in-
creases while the probability ofNO¼ 1 andNO¼ 2 decreases
compared to Fig. 3 B.
Effects of Ca21 and allosteric coupling strength
on spontaneous sparks
The previous section demonstrated how the dynamics of
coupled RyR gating may depend on synchronizing allosteric
interactions that stabilize closed channel pairs, open channel
pairs, or both in a balanced fashion. In this section, release
sites composed of 25 nearest-neighbor coupled RyRs orga-
nized on a Cartesian lattice (see Fig. 1 B) are used to inves-
tigate how Ca21 spark generation and termination depend on
both the strength of coupling mediated by the Ca21 micro-
domain and the strength of synchronizing allosteric inter-
actions introduced in one of these three ways. Note that
nearest-neighbor coupling implies that each channel experi-
ences allosteric interactions with 2–4 other channels, while
increases in the Ca21 microdomain due to open RyRs are
experienced by all channels.
Fig. 4 A shows a simulation in which the strength of al-
losteric interactions (eCC ¼ 0.2, eOO ¼ 0) and Ca21 cou-
pling (c* ¼ 0.55 mM) are selected to illustrate the
phenomenon of stochastic Ca21 excitability reminiscent of
spontaneous Ca21 sparks. While the channels at the release
site are closed most of the time (NO , 5), on occasion the
RyRs simultaneously open (NO  25). Fig. 5 shows that
the sparks observed in Fig. 4 A are sensitive to changes in the
strength of allosteric interactions that stabilize closed channel
pairs. For example, the release site is tonically active when
allosteric interactions are not included in simulations (eCC ¼
eOO ¼ 0, Fig. 5 A). On the other hand, sparks fail to initiate
when the strength of allosteric interactions that stabilize
closed channel pairs is greater than in Fig. 4 A (eCC ¼ 0.4,
eOO ¼ 0, Fig. 5 B).
A response measure that is strongly correlated with the
presence of sparks in Monte Carlo simulations is the so-
called Ca21 spark Score introduced in (31). The Score is
defined as the index of dispersion of the fraction of open
channels (fO ¼ NO/N) and is given by
Score ¼ Var½fO
E½fO ¼
1
N
Var½NO
E½NO : (18)
Score values .0.3 are indicative of spark-like excitability in
stochastic Ca21 release site simulations (30,31). For exam-
ple, using the observed probability distribution for the num-
ber of open channels at the release site estimated from a long
Monte Carlo simulation as described in Appendix B (Fig.
FIGURE 4 (A) Ca21 release site simulation involving 25 RyRs organized on a Cartesian lattice exhibits stochastic Ca21 excitability reminiscent of
spontaneous sparks when channels experience coupling via increases in the local [Ca21] ([B]T ¼ 937.5 mM, c* ¼ 0.55 mM) and nearest-neighbor allosteric
interactions that stabilize closed channel pairs (eCC ¼ 0.2, eOO ¼ 0). Insets expand 50 ms of the simulation beginning at the times indicated by arrows and
show snapshots giving the states of all 25 RyRs at the release site. (B) The Ca21 spark Score corresponding to the simulation is calculated using Eq. 18 and the
steady-state probability distribution for the number of open channels (NO) at the release site (right panel) estimated from a long (.20 s) Monte Carlo
simulation as described in Appendix B. Parameters as in Table 1.
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4 B), the Score corresponding to the simulation shown in Fig.
4 is a high value of 0.71. Conversely, the tonically active
release site shown in Fig. 5 A has a low Score of 0.013
because E[NO] is large. The quiescent release site shown in
Fig. 5 B also has a low Score of 0.082.
While Figs. 4 and 5 demonstrated that Ca21 sparks are
sensitive to changes in the strength of allosteric interactions
that stabilize closed channel pairs, Fig. 6 A shows that sparks
observed in simulations of a 25 RyR release site are also
sensitive to the Ca21 coupling strength. For example, trian-
gles show the Score (reported as the mean6 SD of 10 Monte
Carlo simulations) as a function of c* when the strength
of allosteric interactions that stabilize closed channel pairs is
eCC ¼ 0.2 as in Fig. 4. The Ca21 coupling strength (c*) is
systematically varied by increasing or decreasing the total
buffer concentration ([B]T). Note that sparks are observed in
simulations (Score . 0.3) over a range of Ca21 coupling
strengths but are not observed (Score , 0.3) in simulations
that use c* , 0.4 mM because the Ca
21 coupling strength is
insufficient to initiate sparks. Similarly, Score , 0.3 when
c*. 0.7 mM because the Ca
21 coupling strength is too large
to allow spark termination. Fig. 6 A also shows that the op-
timal Ca21 coupling strength—that is, the c* resulting in the
highest Score—is sensitive to the strength of allosteric in-
teractions that stabilize closed channels. Indeed, comparing
circles (eCC ¼ 0) and squares (eCC ¼ 0.4) to triangles (eCC ¼
0.2), we notice that the optimal c* is an increasing function
of the magnitude of eCC. In comparison, Fig. 6 B demonstrates
that as the strength of allosteric interactions that stabilize
open channel pairs increases, the optimal c* decreases. On the
other hand, Fig. 6 C shows that increasing the strength of
allosteric interactions that stabilize both closed-closed and
open-open channel pairs in a balanced fashion has little effect
on the optimal value of c*.
Fig. 6 demonstrates that sparks depend on c*, eOO, and eCC in
a complicatedmanner. For example, sparks that are eliminated
as c* increases may be recovered by increasing the strength of
allosteric interactions that stabilize closed channel pairs (eCC)
or by decreasing the strength of allosteric interactions that
stabilize open channel pairs (eOO). On the other hand, sparks
that are eliminated as c* decreases may be recovered by de-
creasing the magnitude of eCC or increasing the magnitude of
eOO. Note that for all three types of allosteric interactions there
are Ca21 coupling strengths (c*) for which stronger interac-
tions lead to more robust sparks. Indeed, summary plots in
Fig. 7 A show that the Score at these optimal c* values is a
monotonically increasing function of the strength of allosteric
interactions. Interestingly, the Score is enhanced the most
when both closed-closed and open-open channel pairs are
increasingly stabilized in a balanced fashion (circles).
FIGURE 5 Ca21 sparks exhibited in
Fig. 4 are sensitive to changes in the
strength of allosteric interactions that
stabilize closed channel pairs only when
the strength of Ca21 interactions is fixed
(c*¼ 0.55 mM). (A) Sparks fail to termi-
nate when allosteric interactions are not
included (eCC ¼ 0, eOO ¼ 0). (B) Sparks
fail to initiate when the strength of allo-
steric interactions that stabilize closed
channel pairs is increased (eCC ¼ 0.4,
eOO ¼ 0). Histograms for the number of
open channels shown in right panels (see
Fig. 4) are used to calculate the Score of
each simulation. Parameters as inTable 1.
FIGURE 6 (A–C) The Ca21 spark Score
(mean 6 SD of 10 long (.20 s) Monte Carlo
simulations involving 25 RyRs organized on a
Cartesian lattice with random initial conditions)
as a function of the Ca21 coupling strength (c*) and
the strength of nearest-neighbor allosteric interac-
tions that stabilize closed channel pairs (A) eOO ¼ 0
and eCC ¼ 0 (circles), eCC ¼ 0.2 (triangles), or
eCC ¼ 0.4 (squares); open channel pairs (B) eCC ¼
0 and eOO ¼ 0 (circles), eOO ¼ 0.2 (triangles), or
eOO ¼ 0.4 (squares); or both in a balanced
fashion (C) eCC ¼ eOO ¼ 0 (circles), eCC ¼ eOO ¼
0.2 (triangles), or eCC ¼ eOO ¼ 0.4 (squares).
Data are interpolated with cubic splines (dashed
lines) for clarity. Parameters as in Table 1.
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In Fig. 7 B the sensitivity of sparks to the Ca21 coupling
strength is quantified using the full width at half-maximum
(FWHM) of cubic spline fits to the results of Fig. 6 (dashed
lines); a larger FWHM implies less sensitivity to changes in
c*. The triangles of Fig. 7 B show that sparks are less sensitive
to variations in c* as the strength of allosteric interactions that
stabilize closed channel pairs increases. Conversely, the
squares show that sparks are more sensitive to c* as the
strength of allosteric interactions that stabilize open channel
pairs increases. The circles show that increasing the strength
of allosteric interactions that stabilize both closed-closed and
open-open channel pairs in a balanced fashion has little effect
on the FWHM.
The effect of washing out allosteric interactions
on spark statistics
In the previous section we showed how the presence or ab-
sence of Ca21 sparks depends on both the strength of Ca21
coupling (c*) and the strength of stabilizing allosteric inter-
actions (eCC and eOO). Next, we investigate how spark sta-
tistics (duration, interspark interval, and frequency) are
affected by washing-out stabilizing allosteric interactions,
that is, we study how these spark statistics change as an in-
creasing fraction of nearest-neighbor allosteric couplings are
removed. Many experimental studies show that genetic de-
ficiencies in, and the pharmacological washout of, the FK-
binding proteins that mediate allosteric interactions lead to
cardiac arrhythmias and changes in spark dynamics (49–51).
The following simulations aim to clarify how these experi-
mental results may be interpreted as evidence for allosteric
interactions that stabilize closed channel pairs, open channel
pairs, or both (see Discussion).
The shaded bars in Fig. 8 A are probability distributions of
spark duration and interspark interval estimated from multi-
ple spark simulations (the mean is indicated by shaded
triangles). As in Fig. 4, twenty-five RyRs experience nearest-
neighbor allosteric interactions that stabilize closed channel
pairs (eCC ¼ 0.2, eOO ¼ 0), and the Ca21 coupling strength
is selected to ensure a high Score (c* ¼ 0.58 mM). Spark
duration is defined as the period beginning when one-fifth of
the channels at the release site open (NO ¼ 4 / 5) and
ending when all channels close (NO ¼ 0), thus excluding
small sparks from the calculation. Interspark interval is the
FIGURE 7 (A) The Score at the optimal c* (maximum Score) and (B) the
full width at half-maximum (FWHM) of the cubic spline fits of data in Fig. 6
are plotted as a function of the strength of stabilizing allosteric interactions
(e) when allosteric interactions stabilize closed channel pairs (triangles,
eCC ¼ e, eOO ¼ 0), open channel pairs (squares, eCC ¼ 0, eOO ¼ e), or both in
a balanced fashion (circles, eCC ¼ eOO ¼ e).
FIGURE 8 Shaded bars are probabil-
ity distributions of Ca21 spark duration
and interspark interval estimated from
simulations involving 25 RyRs orga-
nized on a Cartesian lattice (means
indicated by shaded triangles). RyRs
experience coupling via the Ca21micro-
domain (A) c*¼ 0.58, (B) c*¼ 0.40, and
(C) c*¼ 0.48 mM; and nearest-neighbor
allosteric interactions that stabilize
closed channel pairs (A) eCC ¼ 0.2,
eOO ¼ 0; open channel pairs (B) eCC ¼ 0,
eOO ¼ 0.2; or both in a balanced
fashion (C) eCC ¼ eOO ¼ 0.2. Open
bars (and triangles) are spark statistic
distributions (and means) calculated
when one-fifth of the nearest-neighbor
allosteric couplings are selected at ran-
dom and removed from simulations. Each
histogram is calculated using 1200–6333
simulated sparks. Parameters as inTable 1.
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time between the end of a spark and the beginning of the
subsequent spark.
For comparison, open bars in Fig. 8 A are the spark du-
ration and interspark interval distributions after one-fifth of
the nearest-neighbor allosteric couplings are selected at ran-
dom and eliminated from the simulations. Notice that this
washout of allosteric interactions that stabilize closed chan-
nel pairs has the effect of increasing the expected spark du-
ration and decreasing the expected interspark interval
(compare open and shaded triangles). On the other hand, Fig.
8 B shows that when allosteric interactions stabilize open
channel pairs (eCC ¼ 0, eCC ¼ 0.2, and c* ¼ 0.40 mM), re-
moving one-fifth of these couplings decreases the expected
spark duration with little change to the interspark interval.
When both closed-closed and open-open channel pairs are
stabilized in a balanced fashion (eCC ¼ eOO¼0.2, c*¼ 0.48
mM), washout of allosteric couplings decreases interspark
interval but has little effect on spark duration (Fig. 8 C).
To further probe the effects of washing out allosteric in-
teractions, Fig. 9, A and B, show the mean and standard de-
viation of spark duration and interspark interval plotted
against the fraction of allosteric couplings removed from sim-
ulations (denoted as f). Similar to Fig. 8, allosteric interac-
tions are included to stabilize closed channel pairs (triangles),
open channel pairs (squares), or both in a balanced fashion
(circles). In each case, the Ca21 coupling strength of c* ¼
0.58, 0.40, and 0.48 mM, respectively, is selected to maxi-
mize the Ca21 spark Score before the washout of synchro-
nizing allosteric interactions (f ¼ 0); thus, the Score is
always a decreasing function of f (not shown). When the
squares and circles of Fig. 9, A and B, are recalculated using
c* ¼ 0.58 mM, qualitatively similar results are obtained.
The results shown in Fig. 9, A and B, are consistent with
those shown in Fig. 8. When allosteric interactions that sta-
bilize closed channel pairs are washed out (increasing f),
spark duration increases and interspark interval decreases
(triangles). When allosteric interactions that stabilize open
channel pairs are washed out, spark duration decreases but
interspark interval is largely unchanged (squares). When
both closed-closed and open-open channel pairs are stabi-
lized in a balanced fashion, washout causes interspark in-
terval to decrease but spark duration is unchanged (circles).
Notice that the standard deviations (bars) of spark statistics
are approximately proportional to the means regardless of the
degree of washout.
Because the allosteric couplings washed out in the simu-
lations of Fig. 9, A and B, are randomly selected, there are
many realizations of the allosteric adjacency matrix A con-
sistent with any nonzero f. To show the effects of variations
in allosteric connectivity on spark dynamics, multiple sym-
bols plotted at each value of f show the mean spark duration
and interspark interval using different realizations of A. The
proximity of these symbols to each other at any given value
of f indicates that the dynamics of Ca21 sparks—as mea-
sured by duration and interspark interval—are largely in-
sensitive to these variations in allosteric connectivity.
FIGURE 9 (A and B) The (A) Ca21 spark
duration and (B) interspark interval (mean 1
SD of distributions such as those in Fig. 8 cal-
culated using 334–14,290 simulated sparks)
are plotted against the fraction of allosteric
couplings randomly removed from simula-
tions (f). Using parameters identical to Fig.
8 the 25 RyRs experience Ca21 coupling and
allosteric interactions that stabilize closed
channel pairs (triangles), open channel pairs
(squares), or both in a balanced fashion
(circles). Multiple symbols at each f show
results from simulations that use different
realizations of the allosteric adjacency matrix
A (see text). (C) The spark frequency plotted
against f is calculated using the data from A
and B that include error bars. Spark statistics
are reported at a given value of f only if the
Ca21 spark Score . 0.3.
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Fig. 9 C shows the spark frequency—defined as the re-
ciprocal of the sum of the mean spark duration and interspark
interval—plotted against f for the three allosteric coupling
paradigms. When allosteric interactions that stabilize closed
channel pairs are washed out, spark frequency increases but
ultimately decreases (triangles). When allosteric interactions
stabilize open channel pairs (squares), spark frequency is a
nearly constant function of f. When both closed-closed and
open-open channel pairs are stabilized in a balanced fashion,
spark frequency increases during washout (circles).
A mean-ﬁeld RyR cluster model
In previous sections, we used Monte Carlo simulations to
study how both the strength of Ca21 coupling and stabilizing
allosteric interactions contribute to the dynamics of sparks.
Much of the complexity of these simulations is due to the
spatially explicit account of channel-to-channel coupling
represented by the Ca21 coupling matrix C and the allosteric
adjacency matrix A. To facilitate parameter studies of the
effects of allosteric coupling on spark statistics, this section
presents a mean-field approximation applicable to a cluster of
two-state RyRs coupled via the buffered diffusion of Ca21
and nearest-neighbor allosteric interactions.
The mean-field approximation is perhaps best introduced
by considering a simplified Ca21 coupling matrix that takes
the form (31)
C ¼
cd c    c
c cd 1
..
.
..
.
1 1 c
c    c cd
0
BBB@
1
CCCA; (19)
where the identical off-diagonal elements (c*) are the average
of the N(N – 1) off-diagonal elements of the original Ca21
coupling matrix C (Eq. 10). (The diagonal elements cd that
represent domain Ca21 are inconsequential to simulations
involving clusters of RyRs with no Ca21-mediated transition
out of an open state.) Consider also an allosteric adjacency
matrix that takes a similar simplified form,
A ¼
0 a    a
a 0 1
..
.
..
.
1 1 a
a    a 0
0
BBB@
1
CCCA; (20)
where 0 # a* # 1 is the average allosteric connectivity
calculated from the off-diagonal elements of the original
allosteric adjacency matrix A ¼ (anm),
a ¼ 1
NðN  1Þ +n 6¼m
anm: (21)
Note that it is not possible to choose a release site ultra-
structure so that C is equal to C with N . 3 channels on a
planar membrane. Likewise, A will not be equal to A unless
allosteric coupling is all-to-all, a situation not consistent with
RyR clusters in which the extent of interchannel physical
coupling is limited to nearest neighbors. Nevertheless, in
simulations performed using C and A; the RyRs are indis-
tinguishable and the [Ca21] and allosteric interaction energy
experienced by channels depends only on the number of open
and closed RyRs at the release site. Importantly, simulations
using C and A satisfy a lumpability condition that allows all
release site configurations with the same number of channels
in each state to be agglomerated without further approxi-
mation (31,52). This yields a contracted Markov chain with
state-transition diagram
0
q01
q10
1
q12
q21
2
q23
q32
  qN2;N1
qN1;N2
N  1qN1;N
qN;N1
N;
(22)
where the state of the system S(t) 2 f0, 1, . . ., Ng is the
number of open channels NO at the release site and qij is the
rate of the NO ¼ i/ j transition (see below). The number of
closed channels is given by NC ¼ N  NO.
Equation 22 describes a birth-death process with bound-
aries with skip-free transitions that increase (NO ¼ n/ n1
1) or decrease (NO ¼ n / n  1) the number of open
channels at the release site. The N 1 1 by N 1 1 generator
matrix corresponding to Eq. 22 is tridiagonal,
Q ¼
) q01
q10 ) q12
q21 ) q23
1
qn1;n2 ) qn1;n
qn;n1 )
0
BBBBBB@
1
CCCCCCA
; (23)
with diagonal elements ()) selected to ensure row sums of
zero. The birth rate (qn, n11) for the n/ n 1 1 transition is
given by
qn;n11 ¼ ðN  nÞk1 ðcN1 ncÞh ð0# n#N  1Þ; (24)
where (N – n) is the number of closed channels at the release
site that may potentially open and cN 1 NOc* is the [Ca
21]
experienced by all RyRs. While our assumption that the
binding of Ca21 is diffusion-limited leads to birth rates that
are not dependent on allosteric energies, the death rates are
modified due to allosteric interactions and are given by
qn;n1 ¼ nkexpfa ðn 1ÞðeOC  eOOÞ½
1 ðN  nÞðeCC  eCOÞg ð1# n#NÞ; (25)
where n is the number of open channels at the release site that
may potentially close, the coefficients (n – 1) and (N – n) are
the number of open and closed neighbors, and eOC  eOO and
eCC  eCO are the differences in free energies experienced by a
transitioning channel due to allosteric couplings with neigh-
boring open and closed channels. Because we have without
loss of generality set eCO ¼ eOC ¼ 0, Eq. 25 simplifies to
qn;n1 ¼ nkexpfa ðN  nÞeCC½
 ðn 1ÞeOOg ð1# n#NÞ: (26)
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Note that the mean-field RyR cluster model has only nine
parameters: N, k1, k, h, cN, c*, eCC, eOO, and a*.
Representative mean-ﬁeld simulations
Fig. 10 A shows representative simulations of 25 mean-field
coupled RyRs arranged according to the strength of Ca21
coupling (c*) and allosteric interactions (eCC) used. These
allosteric interactions stabilize closed channel pairs (eOO¼ 0)
and the average allosteric connectivity is a* ¼ 0.13, as cal-
culated using the adjacency matrix for 25 nearest-neighbor
coupled RyRs organized on a Cartesian lattice (see Fig. 1).
Notice that sparks are only observed on the diagonal panels
of Fig. 10 A, indicating that increased c* can be compensated
for by more negative eCC. Release sites are tonically active
when c* is large and eCC represents weak allosteric interac-
tions (upper right panels), while release sites are quiescent
when c* is small and eCC represents strong allosteric inter-
actions (lower left panels). These mean-field results are
consistent with simulations that use the full model when al-
losteric interactions stabilize closed channel pairs (Figs. 4
and 5, and Fig. 6 A). Mean-field simulations that include
allosteric interactions that stabilize open channel pairs or both
closed-closed and open-open channel pairs in a balanced
fashion (not shown) are also consistent with the full model
(Fig. 6, B and C).
The panels of Fig. 10 B show the birth rates (qn, n11) used
in each column of Fig. 10 A plotted as a function of the
number of open channels at the release site (n ¼ NO). Note
that while the qn, n11 are small when n is either small or large,
the birth rates are accelerated for intermediate n, and this
acceleration is enhanced as c* increases. The panels of Fig.
10 C show the death rates (qn, n–1) used in the simulations of
each row of Fig. 10 A plotted as a function of n. Notice that
when allosteric interactions are not included in simulations
(top panel, eCC ¼ eOO ¼ 0), the death rates qn, n–1 are a linear
FIGURE 10 The mean-field approximation for a cluster of two-state RyRs is a birth-death process where transitions increase (NO ¼ n/ n11) or decrease
(NO ¼ n/ n1) the number of open channels (NO) at the release site. (A) 33 3 grid showing example simulations involving 25 mean-field coupled RyRs as a
function of c* and eCC (eOO ¼ 0). The average allosteric connectivity is a* ¼ 0.13. The Score and steady-state probability distribution of NO are also shown as
calculated from Q (Appendix B). (B) Birth rates (qn, n11) used in columns of A as a function of the number of open channels (n¼ NO). (C) Death rates (qn, n–1)
used in rows of A. Dashed lines show the qn, n–1 when allosteric interactions are not included (eCC ¼ eOO ¼ 0). Parameters as in Table 1.
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increasing function of n. However, as the magnitude of eCC
increases, qn, n–1 is accelerated for all values of n,Nwith the
most significant acceleration at intermediate n. While Fig.
10 C shows how the death rates change with the strength of
allosteric interactions that stabilize closed channel pairs,
qualitatively different changes in the death rates are observed
when allosteric interactions stabilize open channel pairs, or
both closed-closed and open-open channel pairs in a bal-
anced fashion. For example, when eCC ¼ 0, the death rates
qn, n–1 decrease for all n. 1 as eOO becomes more negative.
On the other hand, the birth rates qn, n–1 increase for small n
but decreases for large nwhen both eCC and eOO becomemore
negative (results not shown).
Comparison of mean-ﬁeld approximation and
full model
In the previous section, we demonstrated mean-field simu-
lations may exhibit stochastic Ca21 excitability reminiscent
of Ca21 sparks. Similar to full model simulations, these
sparks are sensitive to variations of the Ca21 coupling
strength (c*) and the allosteric coupling strengths (eCC,eOO)
used. In this section we validate the mean-field approxima-
tion by comparing the Ca21 spark Score estimated from
Monte Carlo simulations of the full model to the Score cal-
culated directly from the Q-matrix of the corresponding
mean-field model. In this comparison, the c* and a* of the
mean-field model are calculated from the C and A of the full
model, and the parameters of the single-channel models used
are identical.
The symbols in Fig. 11 A plot the Score (mean6 SD of 10
trials) of Monte Carlo simulations using the full model as a
function of the Ca21 coupling strength (c*) for release sites of
different sizes (N) when allosteric interactions stabilize
closed channel pairs (eCC ¼ 0.2, eOO ¼ 0). The dashed lines
show the Score calculated using Q of the corresponding
mean-field approximations. Both full and reduced models
demonstrate that the optimal Ca21 coupling strength, that is,
the c* that yields the highest Score, decreases as a function of
N. Moreover, the range of c* values that result in sparks
(Score . 0.3) decreases as N increases. This inverse rela-
tionship between the optimal c* and the release site size N,
and the increase in the sensitivity of sparks to variations in c*
as N increases, are also observed when allosteric interactions
stabilize open channel pairs (eCC ¼ 0, eOO ¼ 0.2) or both
closed and open channel pairs in a balanced fashion (eCC ¼
eOO ¼ 0.2) (not shown).
Although the Score obtained using the full model and the
mean-field approximation agree qualitatively (Fig. 11 A), the
optimal c* and the maximum Score for any given value of N
show quantitative differences that becomes more evident
with large N. Fig. 11 B shows that the Score (open circles) of
simulations that use mean-field Ca21 coupling (C) and
nearest-neighbor allosteric coupling (A) are similar to mean-
field model results (dashed line). Similarly, the Score (solid
circles) of simulations that use the full Ca21 coupling matrix
(C) and mean-field allosteric interactions (A) show improved
agreement with full model results (open triangles). These
results suggest that the differences between the full model
and the mean-field approximation are a consequence of the
assumption of mean-field Ca21 coupling and not the as-
sumption of mean-field allosteric coupling.
Effect of allosteric coupling on Ca21
spark statistics
The reduced state space of the mean-field approximation
(N 1 1) as opposed to the full model (2N) greatly facilitates
the calculation of spark statistics. For release site size of N ¼
25, the 2N 3 2N Q-matrices of the full model exceed the
memory limitations of modern workstations; consequently,
the probability distribution for NO and the Score must be
estimated from Monte Carlo simulation. Because the N 1
1 3 N 1 1 Q-matrices of the mean-field approximation are
comparatively small, direct matrix analytic methods can be
used to calculate these response measures (Appendix B) as
well as spark statistics such as duration, interspark interval,
and frequency (Appendix C).
In this matrix analytic approach it is convenient to reduce
the number of parameters of the mean-field model via non-
dimensionalization. Accordingly, we express Ca21 concen-
trations in units of the dissociation constant of Ca21 binding
FIGURE 11 (A) The Ca21 spark Score (mean
6 SD of 10 trials) plotted as a function of the
average Ca21 coupling strength (c*) and release
site size for N ¼ 16 (diamonds), N ¼ 25 (trian-
gles), N ¼ 36 (squares), and N ¼ 49 (circles)
when allosteric coupling stabilizes closed channel
pairs (eCC ¼ 0.2, eOO ¼ 0). Dashed lines show
the Score calculated using the mean-field approx-
imation. The average allosteric connectivity (Eq.
21) is a* ¼ 0.20 (diamonds), 0.13 (triangles),
0.095 (squares), and 0.071 (circles). Other pa-
rameters as in Table 1. (B) Data from simulations
with N ¼ 25 in A are expanded (open triangles and dashed line). Open circles show results from Monte Carlo simulations of the full model with nearest-
neighbor allosteric coupling (A) but mean-field Ca21 coupling (C). Solid circles show results from simulations with mean-field allosteric coupling (A) but using
the full Ca21 coupling matrix (C).
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(K where Kh ¼ k/k1) and denote the nondimensional Ca21
coupling strength and background [Ca21] as cˆ ¼ c=K and
cˆN ¼ cN=K; respectively. Substituting cˆ and cˆN into Eq. 23
and expressing time in units of the reciprocal of the disso-
ciation rate constant (1/k), we arrive at the dimensionless
generator matrix Qˆ ¼ Q=k: After nondimensionalizing, the
nine parameters of the mean-field model (N, h, eCC, eOO, k
1,
k, cN, c*, and a*) are reduced to seven dimensionless pa-
rameters (N, h, eCC, eOO, cˆN; cˆ; and a*).
Using the Qˆ for 25 mean-field coupled RyRs, Fig. 12
shows spark duration, interspark interval, and spark fre-
quency (grayscale) as a function of the strength of dimen-
sionless Ca21 coupling (cˆ) and allosteric interactions that
stabilize closed (eCC) and open (eOO) channel pairs. Each
panel explores a slice of this three-dimensional parameter
space indicated by the shaded region of the cubes shown at
the left. These correspond to allosteric interactions that sta-
bilize closed channel pairs (Fig. 12 A, eCC, 0, eOO¼ 0), open
channel pairs (Fig. 12 B, eCC ¼ 0, eOO , 0), and both in a
balance fashion (Fig. 12 C, eCC ¼ eOO , 0). Spark statistics
are only shown when sparks are present (Score . 0.3).
Note that similar to simulations using the full model (Figs.
6 and 7), the magnitude and range of cˆ values that result in
sparks increase as the strength of allosteric interactions that
stabilize closed channel pairs increases (Fig. 12 A) and de-
creases as the strength of allosteric interactions that stabilize
open channel pairs increases (Fig. 12 B). The magnitude and
range of cˆ values that result in sparks does not vary signif-
icantly as the magnitude of eCC and eOO increases in a bal-
anced fashion (Fig. 12 C). Regardless of how stabilizing
allosteric interactions are introduced, spark duration and in-
terspark interval are increasing and decreasing functions of
cˆ; respectively. In Fig. 12, A–C, spark duration increases and
interspark interval decreases in such a manner that spark
frequency at first increases but ultimately decreases as a
function of cˆ:
While similar changes of spark statistics are seen as cˆ
increases regardless of how stabilizing allosteric interactions
FIGURE 12 Spark duration, interspark interval, and spark frequency (in dimensionless units) of simulations involving 25 RyRs plotted as a function of the
dimensionless strength of Ca21 coupling (cˆ) and allosteric interactions when they stabilize closed channel pairs (A, eOO ¼ 0); open channel pairs (B, eCC ¼ 0);
or both in a balanced fashion (C, eCC ¼ eOO). Results are only shown when parameters result in robust sparks (Score. 0.3). The average allosteric connectivity
is a* ¼ 0.13 and the dimensionless Ca21 coupling strength is cˆ ¼ 0:01: Other parameters as in Table 1.
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are included, qualitatively different changes are observed in
Fig. 12, A–C, as the strength of allosteric interactions in-
creases. Fig. 12 A shows that increasing the strength of al-
losteric interactions that stabilize closed channel pairs
decreases spark duration and increases interspark interval.
Fig. 12 B shows that increasing the strength of allosteric in-
teractions that stabilize open channel pairs increases spark
duration but has little effect on interspark interval. Fig. 12 C
shows that increasing the strength of allosteric interactions
that stabilize both closed-closed and open-open channel pairs
in a balanced fashion decreases interspark interval, while
spark duration is largely unaffected. While in Fig. 12 C spark
frequency is a decreasing function of the strength of allosteric
interactions, in Fig. 12, A and B, spark frequency may in-
crease, decrease, or both, depending on the coupling strength
cˆ: Fig. 12, A–C, is qualitatively unchanged when the di-
mensionless background [Ca21] (cˆN) is doubled or halved
(not shown).
DISCUSSION
Although the biophysical mechanism of FK-binding protein-
mediated coupling between RyRs is not well understood
(13,14), several studies have presented Ca21 release site
models that represent physical coupling using single channel
transition rates that are functions of the state of other channels
at the release site (28,36,40). In this study, physical coupling
between channels is implemented using a previously intro-
duced methodology (36,53,54) where transition rates are
modified by state-dependent allosteric interaction energies.
In this formalism the physical coupling of NM-state channels
is specified by an M 3 M matrix of interaction energies, a
N3N adjacency matrix specifying the geometry of allosteric
couplings, and a partitioning coefficient for each transition
that determines how the allosteric interaction energies are
divided between forward and reverse rate constants. Al-
though this formalism does not explicitly model the binding
and unbinding of RyRs or FK-binding proteins to allosteric
sites on neighboring channels, Fig. 3, B–E, show trajectories
reminiscent of experimentally observed coupled channel
gating (13,14) when this methodology is used to represent
stabilizing allosteric interactions. This study aims to advance
our understanding of the connection between the microscopic
parameters of RyR gating and the collective phenomena of
Ca21 sparks. The minimal formulation has facilitated ex-
tensive parameter studies investigating how the statistics of
coupled gating (e.g., the Ca21 spark Score and mean spark
duration) depend on the strength of stabilizing allosteric in-
teractions and Ca21 coupling.
Allosteric coupling and Ca21 spark generation
and termination
A significant result of this study is the observation that syn-
chronizing allosteric interactions always promote Ca21
sparks (i.e., result in a higher Score) for some value of the
strength of Ca21 coupling (c*), regardless of whether syn-
chronizing allosteric interactions stabilize closed channel
pairs, open channel pairs, or both (see Figs. 6 and 7). When
the strength of Ca21 coupling is sufficiently large to preclude
termination of simulated sparks, allosteric interactions that
stabilize closed channel pairs can promote spark termination.
Similarly, allosteric interactions that stabilize open channel
pairs facilitate spark initiation when Ca21 coupling is too
weak to mediate stochastic Ca21 excitability. Sparks are less
sensitive to variations in c* when the strength of allosteric
interactions that stabilize closed channel pairs is increased,
and more sensitive to c* when the strength of allosteric in-
teractions that stabilize open channel pairs is increased.
Allosteric coupling washout, cardiac
dysfunction, and Ca21 spark statistics
A substantial body of experimental evidence demonstrates
that normal cardiac function requires the association of the
12.6 kDa FK506 binding protein FKBP12.6 to the RyR
channel complex (55–58). For example, pharmacological or
exercise-induced PKA hyperphosphorylation of RyRs has
been shown to substantially dissociate FKBP12.6 from RyRs
and has been linked to increased frequency of ventricular
arrhythmias and sudden cardiac death (58,59). In addition,
the absence of FKBP12.6 in knockout mice has been asso-
ciated with increased systolic [Ca21] and cardiac hypertro-
phy (60).
While the connection between FKBP12.6 depletion and
cardiac dysfunction is not clearly established, evidence that
FK-binding proteins are responsible for coupled gating of
RyRs suggests that organ-level failure may be inherited from
defects in the collective gating of channels leading to irreg-
ularities in the dynamics of Ca21 sparks. In striated (skeletal
and cardiac) and smooth muscle, both the frequency and
duration of spontaneous sparks increase upon knockout of
genes encoding relevant FK-binding proteins or treatment
with FK506 or rapamycin, two drugs that physically and/or
functionally dissociate FK-binding proteins from RyRs
(17,49,50,60–64). Conversely, overexpression of FKBP12.6
has been shown to decrease spark frequency (51). Interest-
ingly, these experimentally observed changes in spark du-
ration and frequency are consistent with simulated washout
of allosteric interactions that stabilize closed-closed channel
pairs or both closed-closed and open-open channel pairs, but
inconsistent with simulations involving the washout of al-
losteric interactions that stabilize only open-open channel
pairs (Figs. 8 and 9). While in principle these different types
of allosteric coupling could leave a signature in the distri-
bution of spark durations, this does not appear to be the case
for the minimal two-state RyR model used here (Fig. 8).
While these simulations aim to clarify how changes in spark
statistics due to pharmacological washout of the accessory
proteins mediating allosteric coupling may indicate the type
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of synchronizing allosteric interactions exhibited by physi-
cally coupled RyRs, it is unclear the degree to which the
results will generalize to more complicated and realistic RyR
models (see below).
The mean-ﬁeld approximation for
allosteric interactions
The mean-field approximation formulated in this study is
applicable to a cluster of RyRs coupled via both Ca21 and
allosteric interactions. Although this reduced model has a
drastically contracted state space compared to full model
simulations, the mean-field coupled RyRs exhibit Ca21
sparks that are qualitatively similar to sparks of the full model
(Fig. 11). However, for mean-field simulations involving a
fixed number of channels and fixed allosteric coupling pa-
rameters, the Ca21 coupling strength (c*) that results in the
highest Score is slightly elevated compared to the optimal c*
of corresponding full model simulations. This difference
becomes more evident as the number of channels at release
sites increases (Fig. 11), and may be a consequence of the
spatial spread of activation or the clustering of open channels
in full model simulations.
The mean-field reduction formulated here is analogous to
the sticky cluster model of Sobie et al. (40) where the coupled
gating of RyRs is represented by multiplying the C/O and
O/ C transition rates by cooperativity factors (xO and xC)
that depend on the number of open and closed channels in the
cluster. For example, in Sobie et al. (40) the death rates are
given by qn;n1 ¼ nkxC; where
xC ¼ kcoop 11
NC1 1
N
 
; (27)
and the scaling factor kcoop sets the strength of RyR coupling.
By inspecting the death rates presented in this article (Eq. 26),
one finds that the cooperativity factor in the mean-field model
is
x9c ¼ expfa½ðN  NOÞeCC  ðNO  1ÞeOOg; (28)
which when expressed in terms of NC is
x9c ¼ expfa½ðN  1ÞeOO  NCðeOO  eCCÞg: (29)
Note that Eq. 27 is an increasing function ofNC, consistent
with Eq. 29, when eOO 1 eCC , 0, as in most of the simula-
tions presented here. However, Eq. 29 is a nonlinear function
of NC (Eq. 27 is linear), and the scaling factor for the strength
of allosteric coupling (a*) enters Eq. 29 differently than kcoop
in Eq. 27. Furthermore,x9c¼ 1whenNC¼ 0 and eOO¼ 0 (and
when NO ¼ 1 and eCC ¼ 0) regardless of the strength of al-
losteric coupling (not so for xc in Eq. 27). While Eq. 27 has
only one free parameter (kcoop), we would recommend using
Eq. 29 because the three parameters (a*, eOO, eCC) are not post
hoc additions to anN1 1 statemodel, but rather derived from
the microscopic parameters of the 2N state Ca21 release site
that is reduced to N 1 1 states using the mean-field approx-
imation. Equation 29 has the additional advantage of being
able to incorporate synchronizing (or desynchronizing) al-
losteric interactions that stabilize (or destabilize) closed
channel pairs, open channel pairs, or both. Perhaps most
importantly, the comparatively small state space of mean-
field coupled RyR clusters could be used to mitigate against
the difficulties inherent in realistic multiscale modeling of
cardiac myocyte excitation-contraction coupling (65–68).
Generalizing the mean-ﬁeld approximation
Although the single-channel model used in this article in-
cludes only two states (closed and open), the mean-field
approximation can be applied to clusters of channels with
more complicated single-channel dynamics that include
mechanisms suspected to contribute to Ca21 spark dynamics
in situ such as luminal regulation, Ca21-dependent inacti-
vation, or adaptation (15,69,70). ForNM-state channels there
are n-choose-kfN 1 M – 1, Ng states in the mean-field ap-
proximation, each of which can be expressed as a vector of
the form (N1,N2, ,NM) whereNm is the number of channels
in statem, 1#m#M, and+M
m¼1Nm ¼ N: If the current state
of the release site is (N1, N2, , NM) and a channel makes an
i/ j transition, the transition rate is Nikijxij and the appro-
priate cooperativity factor is
xij ¼ exp anij +
M
k¼1
ðNk  dkiÞðekj  ekiÞ
 
; (30)
where nij is the previously encountered coefficient that
partitions allosteric coupling between the forward and re-
verse transitions (0 # nj # 1 and nji ¼ 1 – nij), and dki is the
Kro¨necker delta function defined by
dki ¼ 1 if k ¼ i0 if k 6¼ i :

(31)
Limitations of the model
A potential limitation of this study is the assumption of in-
stantaneous coupling via the local [Ca21]. Theoretical studies
of two-state Ca21-activated channels coupled via a time-
dependent Ca21 microdomain demonstrate that the time
constant of Ca21 domain formation and collapse can affect
the dynamics of puffs and sparks (29,32). For example, slow
domain formation can make the triggering of sparks less
likely while slow domain collapse can prohibit the termina-
tion of Ca21 release events. On the other hand, Ca21 release
via clusters of RyRs in ventricular myocytes occurs within
dyadic clefts, spatially restricted regions of the cytosol lo-
cated between the sarcolemma of T-tubules and the sarco-
plasmic reticulum membrane (4,71,72). Theoretical studies
indicate that the time constant of Ca21 domain formation
decreases as the volume of a dyad decreases and may be
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,1 ms (73,74), while the decay of elevated [Ca21] to
background levels after termination of release may require
10s of milliseconds due to low affinity binding sites on the
cytosolic face of the sarcolemma (74). Thus, in the context of
Ca21 release via RyR clusters in ventricular myocytes, the
assumption of instantaneous coupling is more justified during
the rising phase of Ca21 release events than during the falling
phase. Our prior work (29,30,32) suggests that this feature of
the modeling formalism will increase the likelihood that all
the open RyRs will close simultaneously, a mechanism re-
ferred to as stochastic attrition (15,71).
While the analysis of this article is simplified by assuming
instantaneous Ca21 coupling and a minimal two-state RyR,
the lack of an explicit mechanism for spark termination—e.g.,
depletion of luminal Ca21, Ca21-dependent inactivation, or
adaptation—results in sparks that terminate exclusively via
stochastic attrition. Consequently, sparks of physiologically
realistic durations are only observed over a finite range of
Ca21 coupling strengths, even when allosteric interactions
are included. While allosteric interactions that stabilize
closed channel pairs may potentiate spark termination via
stochastic attrition when the Ca21 coupling strength (c*) is
elevated (resulting in sparks that are less sensitive to c*; see
Figs. 6 A and 7 A), stabilizing allosteric interactions between
closed channels do not result in robust termination of sparks
at all Ca21 coupling strengths. Taken as a whole, our simu-
lations demonstrate that allosteric interactions may facilitate
spark generation, and are often sufficient for spark termina-
tion in the absence of another mechanism such as depletion of
luminal Ca21 or Ca21-dependent inactivation. When the
strength of Ca21 coupling is not optimal, the strength of al-
losteric coupling can usually be adjusted to yield robust Ca21
sparks (Fig. 12). On the other hand, for fixed allosteric cou-
pling parameters, the range of Ca21 coupling strengths
leading to robust sparks was never observed to be greater
than 25% of the optimal Ca21 coupling strength.
While many buffers with various binding kinetics, affini-
ties, and diffusion constants contribute to the landscape of
[Ca21] in vivo, the mathematical representation of the Ca21
microdomain used in this article assumes a single Ca21
buffer. Because the single-channel model does not include
mechanisms that would promote spark termination, high
buffer concentrations are required to achieve Ca21 coupling
strengths that allow sparks to spontaneously terminate via
stochastic attrition. For example, when the RyR is modeled
with dissociation constant Kd ¼ 5 mM and unitary current of
iCa ¼ 0.04 pA, simulations that do not include allosteric in-
teractions require [B]T 1.2mM to achieve the optimal Ca21
coupling strength of c* 0.48mM.As shown in Fig. 2C, this
coupling strength can be obtained using a variety of different
values for [B]T or iCa; as expected, simulations using lower
buffer concentrations with lower unitary current yield results
that are similar to Fig. 6. When allosteric interactions stabi-
lizing closed channel pair are included (eCC ¼ 0.4, squares
of Fig. 6 A), the optimal coupling strength of c*  0.71 mM
corresponds to a total buffer concentration of [B]T 570mM.
Utilization of complex RyR gating schemes and explicit mod-
eling of the depletion of luminal Ca21 would likely decrease
the total buffer concentration required for spark termination.
Perhaps the most significant limitation of this study is that
the degree to which the results will generalize to more com-
plicated and realistic RyRmodels is unknown. This concern is
ever present when minimal single-channel models that re-
produce select features of Ca21-regulation are used to study
the collective gating that gives rise to Ca21 sparks (28–38).
Although beyond the scope of this article, it might be possible
to extend inference methods commonly used in conjunction
with single-channel recording (75–77) to the collective gating
of mean-field coupled intracellular channels. In this way,
experimentally observed statistics of sparks (e.g., the shape of
the distribution of spark durations and interspark intervals)
might be used to distinguish between channels that are cou-
pled via local [Ca21], allosteric interactions, or both.
For now, the generalization of our results to other single-
channel models can only be addressed on a case-by-case
basis. For example, in the absence of allosteric interactions,
instantaneously coupled two-state RyRs do not exhibit Ca21
sparks unless the cooperativity of Ca21 binding is two or
more (h $ 2) (30,31). Similarly, a preliminary survey of all
possible three-state single-channel models that include uni-
molecular Ca21 binding suggests that multiple Ca21-binding
transitions are required for sparks (not shown). However,
when stabilizing allosteric interactions are included, coop-
erative Ca21 binding is no longer required, that is, h ¼ 1 can
yield robust sparks (not shown).
Our validation of the mean-field approach to modeling
allosteric interactions suggests that studies utilizing more
realistic RyR models could be performed using the coupling
factors (Eq. 30) that are derived here for the first time. Our
attempts at this further analysis include simulations of mean-
field coupled three-state RyRs that include a long-lived
closed state (R),
Ck
1
a c
h
k

a
Ok
1
b c
h
k

b
R and Ck
1
a c
h
k

a
Ok
1
b
k

a
R:
(32)
These simulations demonstrate that both Ca21-dependent
and Ca21-independent inactivation often reduce the sensi-
tivity of sparks to variations in the coupling strength (78). In
preliminary studies we have found that stabilizing allosteric
interactions can further extend the range of c* values that
result in robust sparks (not shown). However, it remains to be
determined whether the statistics of Ca21 sparks can ever be
used to rule out allosteric coupling as a synchronization
mechanism.
APPENDIX A: EXACT NUMERICAL SIMULATION
The Ca21 release site models presented in this article are continuous-time
Markov chains simulated using Gillespie’s method, a numerical method with
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no intrinsic time step (31,43,79). After choosing an initial release site
configuration, i¼ (i1, i2,. . .,iN), this method requires the nonzero rates qij for
the allowed transitions i / j to determine the subsequent release site
configuration. An exponentially distributed random variable t with mean
1=+
j 6¼iqij is then generated giving the dwell time in the current release site
configuration i. The destination configuration j is selected by choosing a
random variable Y uniformly distributed on a partitioned interval of length
+
j 6¼iqij where the i/ j transition occurs if Y falls on the partition associated
with qij (i 6¼ j). The release site configuration as a function of time is produced
by repeating these steps.
It remains to show how the qij rates are determined.WhenQ is sufficiently
small to be held in memory, the required transition rates are the nonzero off-
diagonal elements of the row corresponding to configuration i. When
forming Q is impractical due to memory constraints, an efficient approach
is to represent the release site configuration as the N 3 M matrix S where
SnmðtÞ ¼ 1 if in ¼ m;0 otherwise;

(33)
and in is the state of channel n in release site configuration i. By arranging the
required transition rates in an N 3 M matrix R ¼ (rnm) where rnm gives the
rate at which channel nmakes an in/ m transition, these rates can be found
by evaluating the matrix analytic expression,
RðtÞ ¼ ½SKˆ+Vˆ
1 ½diagðcNe1CTSuÞh SKˆ1 +Vˆ
1
;
(34)
where the  operator denotes an element 3 element Hadamard product. In
this expression, the M3 M matrices Kˆ1 and Kˆ are identical to K1 and K
(Eq. 3) but with zeros on the principal diagonals, C is the N 3 N Ca21
coupling matrix (Eq. 8), e is a N3 1 column vector of ones, and u is aM3 1
column vector where entries of 0 and 1 denote closed and open states in the
single-channel model. Note that the column vectorSu indicates channels that
are open in release site configuration i, cNe1CTSu is the [Ca
21] experienced
by each channel, and left multiplication by the diagonal matrix
diagðcNe1CTSuÞh scales the association rate constants (Kˆ1) by the appro-
priate [Ca21].The matrices Vˆ

and Vˆ
1
that account for allosteric coupling
are formed from the N 3 M matrix
C ¼ ðcnmÞ ¼ ASE; (35)
where A is the N 3 N adjacency matrix (Eq. 12), E is the M 3 M allosteric
energy matrix (Eq. 11), and cnm is the allosteric interaction energy that
channel nwould experience in release site configuration S provided it was in
state m. The elements of the N 3 M matrix V ¼ (vnm) where vnm ¼ cnm 
cnin give the change in allosteric energy that channel n would experience if it
were to make an in/ m transition. Finally, the elements of the matrices
Vˆ
6 ¼ ðvˆ6nmÞ used in Eq. 34 are given by vˆ6nm ¼ expðn6vnmÞ; where n6
partition allosteric contributions between forward and reverse rates (n¼ 1 –
n1). In this article, n1¼ 0, Vˆ1 is anN3Mmatrix of ones, and Vˆ ¼ ðvˆnmÞ
where vˆnm ¼ expðvnmÞ:
APPENDIX B: CALCULATING THE STATIONARY
PROBABILITY DISTRIBUTION
A continuous-time Markov chain model of a Ca21 release site such as that
considered in this article has a finite number of states and is irreducible.
Consequently, the limiting probability distribution (as would be observed
over an infinitely long simulation) does not depend on the initial condition.
This limiting probability distribution is equal to the unique stationary
distribution p satisfying global balance and conservation of probability
(80), that is,
pQ ¼ 0 subject tope ¼ 1; (36)
where Q is the infinitesimal generator matrix, p is a row vector, and e is a
commensurate column vector of ones.WhenQ is sufficiently small to be held
in memory, Eq. 36 was solved by defining the stochastic matrix W ¼ I 1
QDt, where I is a commensurate identity matrix and Dt , 1/maxijqiij so that
wij$ 0. It follows from Eq. 36 andWe¼ e that pW¼p. Thus,pwas found
by calculating the eigenvector ofW having a corresponding eigenvalue of 1.
When storage requirements for Q become excessive, p cannot be
calculated directly. Instead, we estimate p from Monte Carlo simulations
using
pi  1
T
Z T
0
1fSðtÞ ¼ igdt; (37)
where 1 is the indictor set function and T is a sufficiently long observation
period. While the T necessary for convergence of p may be excessive, we
only require the probability distribution of the number of open channels to
calculate spark statistics such as the Score. Because this distribution is a
contraction of p, good estimates require a substantially shorter observation
window (T).
APPENDIX C: CALCULATING
SPARK STATISTICS
Because the infinitesimal generator (Q) for a cluster of mean-field coupled
RyRs is sufficiently small to be held in memory, the following matrix
analytic method can be used to directly calculate the probability distribution
of spark duration and interspark interval, as opposed to estimating these
statistics from Monte Carlo simulations. Using the notation of the literature
(45,81), the state space is partitioned and reorganized into aggregate classes
A and B such that A is the release site configuration with no open channels
(NO ¼ 0) and B represents all configurations with NO. 0. As defined above,
spark duration is the sojourn time in B assuming the sojourn begins with
NO¼ k (selected to be one-fifth the release site size, i.e., k¼ 5 whenN¼ 25).
Writing Q as
Q ¼ QAA
QBA
				QABQBB
 
; (38)
where each partition contains rates for transitions between aggregate classes,
the probability density function for the spark duration (X) is given by
fXðxÞ ¼ fexQBBQBBe; (39)
where e is a N – 13 1 column vector of ones andf is a 13N – 1 row vector
containing the probability of a sojourn starting in the various states of B.
Because we define spark initiation as a NO ¼ k  1/ k transition,
fi ¼ 1 if i ¼ k0 otherwise :

(40)
The expectation of X is found by integrating Eq. 39,
E½X ¼ 
Z N
0
xfe
xQBBQBBe dx ¼ fQ1BBe: (41)
The probability density function for interspark interval can be calculated in a
similar fashion and requires only that the aggregate classes A and B be
redefined and Q repartitioned such that B represents all states with NO 6¼ k
andA is the state with NO ¼ k. In this casef is all zeros except for the entry
corresponding to NO ¼ 0, which is set to unity.
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